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Abstract. We use unextended on-shell superfields to construct the Noether current
multiplet for supergravity in six dimensions. The resulting current superfield is shown to
generate all exotic curzents (besides the canonical ones). This procedure therefore provides
a systematic way to determine them. The invariant which reduces to the three-loop
counterterm of O(2) supergravity is given in terms of the current superfield.

1. Introduction

It has been shown (Deser and Lindstrom 1980) that it is possible to construct a
supersymmetry invariant in six-dimensional space-time as a functional of the unex-
tended matter fields A and F,,, which reduces to the matter part of the three-loop
counterterm for O(2) supergravity via dimensional reduction (Scherk 1979). It was also
demonstrated that this procedure of finding counterterms is much more convenient
than a 4D approach, since one has fewer currents to deal with (Deser and Kay 1978,
Sohnius 1979). However, the construction showed also that exotic currents may appear
in higher dimensions, that is, currents which do not have 4D counterparts. Since it is not
obvious from the beginning what the exotic currents look like, the question arises
whether there is a systematic way to find these additional currents and how the current
multiplet generalises.

In order to answer this question, at least for the next more complicated case, the
gravitational part of the three-loop counterterm, we use a formulation in terms of 6D
superfields (Siegel 1979). This approach automatically guarantees that we obtain all
members of the current multiplet. In performing this program we find, as a result, that
the exotic matter current D,,, defined by Deser and Lindstrom (1980) in fact appears as
a component field of the current superfield, together with another exotic current which
is new. We find an analogous structure of the current multiplet for the gravitational
part. However, in constructing the invariant in question, it turns out that the matter
contribution is reducible due to the equations of motion, and we end up with the same
expression as Deser and Lindstrém (1980).
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2. Construction

We begin our construction with the matter part. On shellf the supermultiplet contain-
ing a spinor A and vector field F,, can be represented by a 6D superfield W*1,

WA =1%~100"6 0,A* —100"0 8,A* + 5600000 5, 3,A*

+3i1(0*"6)*F,, +260"0(80**)* ,\F,. (1)
with the supertransformations

A= -%(a'“”a)AFM,,,

8F,, =i(&op, 9,14 —a[uA_O',,]a).
We found it very convenient to employ a 6D Weyl representation for the spinors
(Akyeampong and Delbourgo 1973, Siegel 1979)§. The generalised 4 X4 Pauli
matrices o4 here represent only half of the total eight-dimensional space, which is
sufficient however, since the corresponding Dirac spinors in this space appear only as
helicity projections (Deser and Lindstrom 1980, Siegel 1979). The following proper-

ties of the o’s are useful:
{0 0P} =2n", 7% =36 Pocp,
0% ABTacp = 2€aBcD,
and we define
o*f =300,
In this notation the covariant derivatives D, D and D, obey the algebra
{Da4, Dg}=—-20"asD.

and the field W* is a solution to

o'aAB[Das WB]=01 {ﬁA, WB}=0,
{Da, WP={Da, W7}, [Da, {Ds, WY =20"48[Da W1, (2)
{DA’ [DB, {DC’ WD}]} = 0’ a'aAB[Daa {DB’ Wc}] = O'

In the weak field limit (Deser and Kay 1978) we may also represent the gravitational
multiplet by a 6D superfield W*,5 = — W*4, which we obtain from (1) by substituting
P ang, the ‘% field strength’, and F,, -> R,a,., the ‘Riemann tensor’, with the
supertransformations

1w o -
8fag = ~§0’“VaRa,3,w, 6R O‘Bu,, =i(doy, a,,]fm‘3 - B[F,faBO',,]a).

We construct the current superfield in terms of the W fields as in the four-dimensional
case (Ferrara and Zumino 19785), that is, the current multiplets are given by the real
superfields V* and V*,; defined by

V= WotW, V¥ = W'o* W),

+In what follows all statements are modulo equations of motion, and we work in the weak field limit as
defined in the work by Deser and Lindstrom (1980) and Deser and Kay (1978).

¥ Index convention: A, B, C, ... spinor indices, a, 8,7, ... 6D local indices, a, b, ¢, ... 4D local indices,
i, J, k, .. . internal indices.

§ We use the flat space metric with positive signature and £g;3345 = +1.
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for the matter and gravitational part respectively. These currents are conserved as a
consequence of (2).

We give here explicitly the components of the gravitational multiplet defined in
terms of the commutators of V¥, with the covariant derivatives at 6 = §=0:

V}LaB (x’ 0) = C“aB (x), [DAa VMaB (x’ 0)]EJ“aBA(x)!
%UAAB{EA’ [1-).3; V“aﬂ (xy 0)]} = tAMaB (x)9
30" P{Da, [Dp, V¥ap(x, O] +HC)= T 45 (x) + D ap (x), (3)

where

t*ap =10 (00" fa0r
T)‘“GB = ’—i(a/\f(apa'ufﬁ)p —f(apa'“ aAfB)p) +R(aypu.RB)VpA + (1/3‘)R?:1 Vpang)wa"rA’
D ,\MQB — %R *(aVDm\M-RB)me R *aBz\uva = %8 Auvpcr‘rR o

C*.s and J*,; are the axial current and supercurrent respectively. 7“4 contains the
Bel-Robinson tensor. The currents t**,; and D*“,5 are exotic in the sense above.
D™ 4 in particular corresponds to D** defined by Deser and Lindstrém (1980) for the
matter part. All other components of V*,z can now be obtained from these, since all
higher derivatives of V*,5 can be reduced to those already known by means of (2). We
have for instance

(1/3 !)EABCD [D_A, {D_B; [Dc, V“aB ]}] = O'ACD [DA’ [ch, VMaB ]]
or

{DA’ [DB’ {I-jc, [ﬁD’ VuaB ]}]} = U'ACD [D)\’ {D[A» [EB], V“aB ]}]

etc. The matter part is completely analogous.

In order to construct an invariant Ig.,,, which has after dimensional reduction the
dimension of a three-loop counterterm containing in particular the square of the
Bel-Robinson tensor, we have to square V*,5. However, it is clear from dimensional
considerations as well as from the results above, that I, does not occur as a last
component of the superfield V2, but will be in general a collection of components of the
#-basis elements which are quadratic in §. We follow again the procedure described by
Siegel (1979), and construct I,,., by projecting the desired components of V? down to
the first component of the superfield which consists of derivatives of V*,g, that is terms
like Igray~(DaDpV*.6)°. In order to be an invariant, I, = { d°xL should have the
property (Igray)/36” = 0, which implies [D 4, L]1=0 and [Q4, L]=0.

Using the algebra (2), we find I, has the form

Iyay = I dsx(Ll +L, +%L3 —16Ly)

where
Ly=e"*?P{D4,[Dp, V*ssHDc [Dp, V.1,
La=e*®P{D,, [Dg, V*+e KD, [Dp, V.21,
Ly=(e*7P[Da, {D5, [Dc, V*2s Db, V.**]+H0),
Ly=[D" V*,5][D,, V.*°1.

4)
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For the matter part, Imaer can be reduced further since application of (2) leads to
L, = —1sL, in this case. This expression then agrees with the one obtained by Deser and
Lindstrém (1980), that is the current D** disappears.

3. Reduction

In order to show that I .., reduces to the 4D invariant of O(2) supergravity given by
Deser and Kay (1978), we write all spinor expressions in Dirac notation, and with the
representation of the 6D [-matrices as defined by Brink et al (1977), the field strength
(1 +T5)f8rac =f5f reduces to the only non-vanishing components

f+(4D)ab
b
f+a = |:f (4D)ab]

where fi(“D)“b are complex 4D fields related to the O(2) fields by

f24P = (LN +if2™)
and ff,b (i =1, 2) are 4D Majorana spinors. In the same procedure R,;z,s reduces to
Rasea = R speas Rapes=(1/V2) 8. Fo*, Rapes = —(1/52) 8:Far*®".

The reduction of the fermionic part as well as the spin-1 part of I, is similar to the
Yang-Mills case. The result shows that I, = —48A3Z[0(2)], where A;£[O(2)] is the
invariant found by Deser and Kay (1978).

We explicitly demonstrate here the reduction of the pure spin-2 part of I, which
yields the square of the Bel-Robinson tensor. From (3) and (4) we learn that pure
spin-2 contributions are contained only in L, where they arise from T*,5 and D*’ 5
terms. We denote this part of L, by [L,]rz and find that

(L,Jr =[-8(T + D)*1r (5)

— _S(TadeTabcd + 2 T44ch44 cd + 2D4SCdD45 cd)
where
b
T%.2=R."“Ruyet” + 0T 0

44 1 £

T cd = _ZR(ce ng)efg,
45 1 f

D cd = 2R *(ce ng)efg-

At this point it is very convenient to introduce the curvature (Weyl) spinor xascp
(Penrose 1960) which is totally symmetric on shell. Interms of yascp the various terms
in (5) take the form

f 1 f _1
R * Rb)efg = 5XNabs R*"* Ry)efg = 5YMNabs

( <D

ef(c d) __ 1 cd 1 - AA. BB (¢ ., _d) CD- .,
R, Rpyes =iNapm X+1280W O O ccO DDXAB XAB >

where x = 75(xx +X%) and y = —si(xx — X%)-
The square of the Bel-Robinson tensor is therefore given by

T2 = %Tabchade = fé_XX —X—
and [L,]z becomes

[L,]r = —48T>
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We conclude that the gravitational contribution to the three-loop counterterm can
be obtained from higher-dimensional representations after reduction, as well. In
particular, the procedure given here provides a systematic way to determine all currents
involved in the corresponding counterterms. An application to higher dimensions,
especially to ten dimensions, seems to be straightforward, since the guiding Yang-Mills
multiplet in this case has exactly the same form as in six and four dimensions (Gliozzi et
al 1977).

In the eleven-dimensional case we have neither a Weyl representation nor a
Yang-Mills multiplet. However, it should be possible to construct the corresponding
on-shell superfield, which then allows the construction for a Noether current.

After this work was completed, I received a paper by Howe and Lindstrom (1980) in
which they find all three-loop counterterms for O(N) supergravity, N <4, and a
seven-loop counterterm for O(8) supergravity using 4D on-shell superfields as found in
the work by Brink and Howe (1979).
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